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Udalov and Beloborodov in the recent papers [Phys. Rev. B 95, 134106 (2017); Phys. Rev. B 96,
125425 (2017)] report the strong influence of image forces on the conductance of ferroelectric tunnel
junctions. In particular, the authors state that there is enhancement of the electroresistance effect
due to polarization hysteresis in symmetric tunnel junctions at nonzero bias. This conjecture seems
to be a breakthrough — the common knowledge is that the considerable effect, linear over voltage
bias, takes place only in NONsymmetric junctions. We show that the influence of image forces
on the conductance of ferroelectric tunnel junctions is highly overestimated due to neglecting the
difference between characteristic ferroelectric relaxation and electron tunneling times. We argue that
notable enhancement of the electroresistance effect from image forces due to polarization hysteresis
in symmetric tunnel junctions at nonzero bias might be observed only at anomalously slow electron
tunneling through the barrier. The same applies to magnetic tunnel junctions with a ferroelectric
barrier also considered by Udalov et al: there is no significant increase of the magnetoelectric effect
due to image forces for typical electron tunneling times. Udalov and Beloborodov completely missed
the development of image force theory since 1950’s and they forgot that electrons move much faster
than atoms in condensed matter. We underline that taking into account dynamical effects in charge
tunneling can bring new insight on physics of ferroelectric tunnel junctions.
I. INTRODUCTION
In a recent papers [1, 2] Udalov and Beloborodov (UB)
address ferroelectric (FE) tunnel junctions where there is
ferroelectric layer between metallic electrodes. They in-
vestigate nonmagnetic [1] and magnetic [2] metallic elec-
trodes. In [1] UB focused on the special case of symmetric
junctions with nonmagnetic equivalent electrodes. Con-
trary to common knowledge [3–6] UB find the strong en-
hancement of electroresistance effect taking into account
the image force contribution [7–12] to the tunnel proba-
bility. In magnetic tunnel junctions UB show that image
forces significantly increase the magnetoelectric effect [2].
The predicted effects regarding the symmetric junctions
seem very promising not only from academical point of
view (the field of research is very relevant [13–16]) but
also for advanced microelectronic applications [6, 17–24].
So correct understanding is very important.
Long ago it has been understood that the potential
barrier at the metal-vacuum or metal-insulator inter-
face can not change abruptly as in Gamov model of α-
decay [25] because that in fact implies infinite fields [7].
The barrier really changes smoothly due to the image
force. When an electron approaches the surface of a
metal from the insulating side it induces the compen-
sating polarization charges that make electric field ex-
actly zero inside the metal. This effect stands behind
the origin of an attractive force (the image force) on the
electron [7–12]:
F =
e2
(2x)2
, (1)
where x is the distance between electron and the metal
surface. In Eq. (1) it is implied that the metal occupies
the half-space while the other half-space is dielectric with
dielectric constant , see Fig. 1. Then the interaction
potential V0 due to this image force is equal to
V0 =
∫ x
∞
F (x)dx = − e
2
4x
, (2)
where dielectric occupies the right half-space.
If we have the standard tunnel barrier – two bulk paral-
lel metallic contacts with dielectric media between them,
then infinite series of images appears. The resulting sum
for moderate distance d between the metallic contacts
is usually approximated by the simple analytical expres-
sion [7, 8, 11]:
V ≈ − 0.795e
2d
4x(d− x) . (3)
These considerations are the key point of [1, 2]. Most
peculiar effects introduced in [1, 2] were obtained using
Eq. (3) where  was related to dPFEdE (PFE is macroscopic
polarisation of ferroelectric and E is external electric field
related to the voltage bias V between the electrodes).
This led to the conclusion in [1, 2] that  = (V ) – nonlin-
ear function of bias voltage with memory effect mediated
by the hysteresis of PFE(E).
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2FIG. 1. (Color online) Sketch of an electron (“e”) in the in-
sulating barrier of the tunnel junction and one of the image
charges (“+”) in the left electrode (the dielectric polarization
also has an image on the left side). The right electrode is not
shown. Solid black lines with arrows show the distribution of
electric field of electron and its image; orange arrows — polar-
ization of the insulator induced by this electric field. Dashed
blue lines correspond to ferroelectric polarization. Note that
on the time scales of electron tunneling the polarization is
“quenched”.
Below we show that the last statement should be
treated very accurately and effects reported in [1, 2]
should be revisited and in the presented form they can
hardly be observed.
II. FERROELECTRIC POLARIZATION AND
ELECTRON TUNNELING
A. Discussion of the hierarchy of time-scales
relevant for a ferroelectric tunnel barrier
First of all we should note that there is a general fun-
damental question related to the described style of cal-
culation: how ferroelectric polarization — macroscopic
quantity can enter microscopic calculation like tunneling
probability or magnetic exchange interaction. Accord-
ing to modern theory of polarization [26] at microscales
 of a ferroelectric material has pronounces frequency
and space dispersion (ω, k) [27] that is neglected in
Refs. [1, 2]. Below we put aside this problem and be-
lieve that using in any way macroscopic  in a nanoscale
calculation we will extract, like, e.g., in [3, 4], physical
effects, at least qualitatively. However even then there
are problems with approximations done in Refs. [1, 2].
The derivation of Eq. (3) implies “adiabatic” approxi-
mation when all the contributions to polarization (related
to ) are fast enough [28–33] to follow electron moving
through the tunnel barrier, see Fig. 1. In fact polariza-
FIG. 2. (Color online) Figure (a) illustrates the typical fre-
quency behaviour of ferroelectric differential dielectric con-
stant with frequency: ionic, dipole etc... contributions die
at large frequencies and only electronic, the so called elastic
contribution, survives. Figure (b) illustrates that purely elec-
tronic contribution nearly does not depend on frequency (up
to optical range). Here only the real part of dielectric con-
stant is considered and all (ω) “fine structure” is omitted so
some envelop function is shown.
Note that ionic, dipole etc... contributions depend on con-
stant (zero frequency component) voltage bias, V , while the
electronic contribution does not.
tion consists of several contributions with different char-
acteristic times [34, 35]:
P = Pel +Pion +Pdipols + . . . (4)
Here the first “elastic” contribution is polarization of the
outer electron shells, the second one is related to ion
shifts, the third is related to dipole moments of molecules
etc... It is important that all the contributions except
the first one are slow: their relaxation times are larger
or of the order of inverse phonon frequencies (with THz,
we remind, serving as the natural scale of phonon fre-
quency [28, 36, 37]). While Pel relaxation time is elec-
tronic (optical frequencies) and thus it is much (several
orders of magnitude) shorter. Note, also, that the “slow”
terms in (4) produce the leading contribution to PFE.
Relaxation dynamics of the ferroelectric order param-
eter can be estimated from
γFEP˙FE = −δFLD[PFE]
δPFE
+ Eext(t), (5)
where γFE = 1/τFE is the inverse relaxation time of ferro-
electric polarization (order parameter), FLD[PFE] is the
Landau-Devonshire free energy [34] that describes ferro-
electric, and Eext(t) is time-dependent external electric
field.
If we take Eext(t) ∼ E(0)exte−iωt with ω much larger than
any characteristic frequency of a ferroelectric, then FLD-
term becomes irrelevant in Eq. (5), in the Fourier space
Pω ∼ E(0)ext/(−iωγFE), and, thus, (ω) ∼ 1/(−iωγFE).
This is very rough estimate that only illustrates the
3well known behaviour of ferroelectric dielectric constant
with frequency: ferroelectricity does not respond on large
enough frequencies. This is sketched in Fig. 2.
B. Discussion of image forces and the conductance
of ferroelectric tunnel junctions
We can conclude following Refs. [28, 38, 39] about  in
Eq. (3) – the key equation of Refs. [1, 2] that only the
elastic (electron) contribution “works”:
 ≈ Re (ω = ωtn) ≈ Re el(ω = ωtn) ≈ el(ω = 0), (6)
where ωtn = 1/τtn and τtn is the time scale of the order
of electron tunneling time [28–33]. This  is not known
to be notably depending on ferroelectric polarization in
the tunnel junction (and voltage bias as well unless the
voltage produces the fields of the order of intrinsic atomic
fields) and as the consequence, the effects predicted in
Refs. [1, 2] are under question and require revision.
To be more specific, we examine below the key equa-
tions of Refs. [1] for image-force contribution to the re-
sistance of the ferroelectric tunnel junction. UB assume
that the FE barrier is thin enough and the electron trans-
port occurs due to tunnelling. UB calculate electric cur-
rent I across the barrier using the Simmon’s formula de-
rived in 1963 [see [40, 41]] for tunnel junctions with large
area electrodes [quasiclassical tunneling formula where
the integral over transverse momentum has been explic-
itly carried out]:
I = J0(U(hb)e
−A
√
U(hb)−U(hb+V )e−A
√
U(hb+V )), (7)
where
√
U = 1deff
∫ z2
z1
√
U(z)dz, and U(z) is the profile of
the effective potential barrier of the tunnel junction, z1,2
are the “turning points” where U(z) = 0, the parameter
A = βdeff
√
2mee/~2 and J0 = (e2/~βd2eff). Here β ∼
1, and deff = z2 − z1 is the effective thickness of the
barrier [1].
One of the terms in U(z) taken into account by UB in
Refs. [1] is the image force potential (3). UB show that
the contribution of the image forces into the average of
U(z) is
deff
√
U ≈ d
√
hb
(
1− hc
2hb
(
1 +
1
2
ln
hb
4hc
))
, (8)
where hb defines in [1] the barrier height above the Fermi
level EF of the left lead (EF = 0 in [1]) in the absence
of FE polarization, image forces and external voltage.
Important parameter hc = 0.795e/d is the characteristic
potential associated with image forces.
UB connect  in hc with the differential polarizability
of the ferroelectric and using Eq. (8) arrive at the conclu-
sion that the image force contribution to deff
√
U depends
on the polarization orientation of the ferroelectric in the
tunnel barrier and, more important, follows its hysteresis:
deff
√
U |P+ − deff
√
U |P− ∼ d
√
hb
h0c
hb
+ − −
+−
6= 0, (9)
where ± label the upper (lower) hysteresis branch of FE
according to Ref. [1].
± in Eq. (9) originate from  in hc according to [1].
However we have argued above, see Eq. (6), that  can
hardly be sensitive to hysteresis branch of FE layer since
is represents only elastic (electron) contribution to the
dielectric constant at high frequencies, much higher than
any inverse relaxation time of FE. So we conclude that
contrary to (9) stated in [1], according to Eq. (6), + =
− ≈ el and the truth is(
deff
√
U |P+ − deff
√
U |P−
)
image force
≈ 0. (10)
It already follows from Eq. (10) and arguments given
above that all effects related to the interplay of FE hys-
terisis and image forces in [1] are overestimated. In par-
ticular, image forces do not give significant contribution
to electroresistance effect (ER).
However, for clarity, in addition to checking asymptotic
approximations made in [1], we also recalculate numer-
ically observables that UB [1] represent as key results.
For example, we calculated numerically electroresistance
effect (ER) due to image forces as a function of applied
voltage using Eq. (7) like in [1], but taking into account
that  in the image force potential is actually some con-
stant (el) of the order of unity that does not depend on
FE hysterisis. Our results are shown in Fig. (3) where
they are compared with the results of [1]: we obviously
do not notice a contribution to ER due to image forces.
C. Discussion of image forces influence on the
interlayer exchange interaction in magnetic tunnel
junctions with a ferroelectric barrier
In Ref. [2] UB study the interlayer exchange interaction
in magnetic tunnel junctions with a ferroelectric barrier
focusing on the influence of image forces on the voltage
dependence of the interlayer magnetic interaction (mag-
netoelectric effect). In the beginning of [2] UB write
Eq. (3) for the image force as the starting point and again
as in Ref. [1] UB do directly connect  in the image force
potential to dPFEdE . Then UB write the expression for hc
(given here above) and explain that hc strongly differs
depending on FE hysteresis branch. From that point UB
report about a number of peculiar effects related to the
interplay of FE hysteresis and interlayer exchange inter-
action mediated by image forces.
We have already explained above why  in the image
force potential is actually el and why it can not be simply
related to dPFEdE . From that point we can conclude with-
out a shadow of doubt that most results reported in [2],
related to FE hysteresis and image forces (the key results
of [2]), are strongly overestimated like it was in [1].
4FIG. 3. (Color online) Electroresistance effect (ER) due to
image forces as a function of applied voltage for the follow-
ing system parameters like in Fig.3 of Ref. [1]: d = 1 nm,
hb = 0.5 eV, P0 = 30 µC/cm
2, δ1 = δ2 = 0.05 nm, Vs = 0.1 V,
∆ = 15, and min = 30. Our calculation shows no detectable
electroresistance effect mediated by image forces (blue dash–
dot–dot line) while UB observe the effect (red dash–dot line,
see Fig.3 in Ref. [1]) because UB relate  in (2) with dPFE
dE and
conclude that  = (V ) is the nonlinear function of bias volt-
age with memory effect mediated by the hysteresis of PFE(E).
Our message that  in (2) is related only the fast “electron”
contribution to polarization and therefore it does not show
the pronounced hysteresis and so we see no detectable ER
effect.
III. IMPORTANCE OF DYNAMICAL EFFECTS
IN CHARGE TUNNELING THROUGH ACTIVE
DIELECTRIC LAYERS (INCLUDING
FERROELECTRIC)
Ideas developed in Refs. [1, 2] are interesting but due to
overestimates require a revision. There are several ways
of such a revision: one way corresponds to significant in-
crease of the frequency response range of a ferroelectric
and the other — to significant slowdown of electron tun-
neling [28]. It is known that after tunneling, some time is
required for the diffusion of extra electric charge over the
electrode [42], may be this will help. However all these
opportunities are challenging for an experiment.
But there is also another option. UB investigate
the conductance and believe that it is proportional to,
roughly speaking, the square absolute value of the tun-
nel amplitude, |t|2. This description of the conductance
is not accurate enough. The amplitude t has also phase
φ, t = |t|eiφ. It is an important parameter.
If we oversimplify the physical picture, FE is the se-
quence of nonlinear oscillators that oscillate due to tem-
perature (coupling to phonon bath) and electron current
going through the tunnel barrier. Tunneling electron may
exchange energy with the “bath” (or “environment”) of
these oscillators, giving or receiving energy. Physically,
this is slightly similar to inelastic tunneling phenomena,
e.g., phonon mediated, investigated long ago [7]. The
phase of the tunnel amplitude is sensitive to the environ-
ment quantum state. So calculation of the conductance
in the tunnel junction with active dielectric inside should
take into account the fluctuations of the tunneling phase
φ that couples tunneling electron with active dielectric.
Let us return to the tunnel junction with a dielectric
inside, but having  with a frequency dependence (this
might be a ferroelectric as well). Then the capacitance
of the junction is also frequency dependent, C = C(ω).
If we apply the voltage bias V to this junction then its
current-voltage characteristics can be found in a standard
way:
I(V ) =
−→
Γ (V )−←−Γ (V ), (11)
where
−→
Γ (V ) and
←−
Γ (V ) are electron forward and back-
ward tunnel rates (we take mostly everywhere below
units where e = 1, ~ = 1 and kB = 1).
For simplicity here we focus on the tunnel junctions
with perfect metallic leads and consider small enough
bias voltage. The densities of states in the leads can be
approximately taken at the Fermi levels and the reshape
of the tunnel barrier due to electric field can be neglected.
Then [43, 44]
−→
Γ (V ) =
1
RT
∫ ∞
−∞
dEdE′f1(E)[1− f2(E′ + V )]P (E − E′) =
1
RT
∫ ∞
−∞
dωN12(ω)P (ω), (12)
where N12(ω) =
∫
dEf1(E + ω)[1 − f2(E)] = [ω −
V ]NB [ω − V ], NB(ω) is the Bose function. Expres-
sion for
←−
Γ (V ) has permuted indices 1, 2 compared to
Eq. (12). Here RT is the bare tunneling resistance
(∝ |t|−2) , f1,2 are the electron distribution functions
in the left (right) electrode, E is electron energy. Here
we believe that the electrodes are in local equilibrium, so
f1,2(E) =
1
2 [1−tanh(E/2T )] is the Fermi function where
T is temperature.
P (E − E′) is the probability that tunneling electron
shares the energy E − E′ with the “environment” dur-
ing the tunneling process. If there is no environment,
tunneling is elastic then P (E − E′) = δ(E − E′) as in
the Fermi golden rule and Eq.(12) becomes the linear in
V approximation of (7). The most important thing is
that this probability P is built from the time correlation
functions of the tunnel amplitude phases φ(t) that we
discussed above [43, 44].
We can rewrite Eq. (12) in the time representation us-
ing the Fourier transform:
P (E) =
1
2pi
∫ ∞
−∞
dt exp(J(t) + iEt), (13)
and so
−→
Γ = 1RT
∫∞
−∞ dtN12(−t)eJ(t). The Fourier trans-
5form of N12(ω):
N12(t) = − 1
2pi
(piT )2
sinh2(piTt)
e−iV t − i
2
δ′(t) +
1
2
eV δ(t).
(14)
Then we finally arrive at
I =
V
RT
+
2
piRT
∫ ∞
0
dt
(piT )2
sinh2(piTt)
sin(V t) Im eJ(t).
(15)
Eq. (15) is not always very convenient for practical
model calculations. Sometimes more convenient is to
work in ω-representation (12). But this expression has
quite transparent physical interpretation if we search for
relevant time-scales. So, in the absence of any environ-
ment, tunneling is nearly instant process and we have
the conventional Ohm’s law, I(V ) = V/RT , as follows
from (15). The environment makes I(V ) nonlinear, also
it brings in a number of time-scales. Clearly there is
a competition between ~/kBT , ~/eV and time scales of
Im eJ(t) related, from one hand, to dielectric constant
characteristic time-scales and, from the other hand, to
some dynamical effects of the charge transfer process.
Strictly speaking Eqs. (13)-(15) can be considered as
some semiquantitative example showing the influence of
polarization frequency dispersion on the charge transport
through the tunnel junction. If we take more general
case, the final result would be like Eq. (15): the Ohm’s
law (or some nonlinear generalisation like Eq. (7) medi-
ated by “static” physics) plus some nontrivial nonlinear
contribution induced by time-dependent phenomena.
We should note that (15) formally is not restricted to
ultrasmall junctions. However for ultrasmall tunnel junc-
tions P (E) can be rather easily expressed through the to-
tal impedance Zt(ω) of electromagnetic environment as
follows [43, 44]:
J(t) = 2
∫ ∞
0
dω
ω
ReZt(ω)
RQ
×
{coth(ω/2T )[cos(ωt)− 1]− i sin(ωt)} , (16)
where RQ is the resistance quantum and
Zt(ω) =
1
iωC(ω) + Yenv(ω)
. (17)
Here Yenv is the impedance shunting the tunnel junction.
In our case, Yenv(ω) = 0 (or |Yenv(ω)|  |ωC(ω)|), so all
the environment is represented by the frequency depen-
dent capacitance of the tunnel junction. This expression
for J(t) is valid while RQ  RT [43, 44].
Returning to (15) late us take, as the toy model, the
simplest Drude-model [35, 45, 46] for (ω) dependence,
that corresponds to Fig. 2 (below we identify el with
∞):
C(ω) = C0
{
∞ +
0 − ∞
1 + iωτ
}
, (18)
where τ is the relaxation time of (ω) and C0 is the “ge-
ometrical” capacitance ∼ S/d (S is of the order of the
junction area and d is the characteristic distance between
the electrodes). Then
ReZt(ω) =
− Im (ω)
ωC0|(ω)|2 =
τ (0 − ∞)
C0 (20 + (ωτ∞)2)
, (19)
and finally
ReZt(ω)
RQ
=
1
g
1
1 + (ω/ωR)2
, (20)
g =
20C0RQ
τ (0 − ∞) , ωR =
0
∞
1
τ
. (21)
This notations map the problem in hand to the well
known case of, so-called, “Ohmic” environment.
Then for zero temperature, |V | < ωR, the current-
voltage characteristic is essentially nonlinear [43, 44, 47]:
I(V ) ≈ V
RT
{ |V |
ωR
}2/g
exp(−2γ/g)
Γ(2 + 2/g)
. (22)
Thus, frequency dependent capacitance leads to a zero-
bias anomaly of the conductance dI/dV ∼ V 2/g.
The long time asymptotic of J(t) is mostly responsible
for Eq. (22):
J(t) ≈ −2
g
[
ln(ωRt) + i
pi
2
+ γ
]
, (23)
where γ = 0.577... is the Euler constant. However di-
rect derivation of (22) in the time representation is a
bit tricky because all time scales will be actually in-
volved, not only the long time scales. One should check
that the first Ohmic term in (15) exactly cancels with
the certain part coming from the second term in (15)
and only after that one arrives at (22) using some-
thing like (23). The derivation of (22) is much eas-
ier in the ω-representation where at zero temperature,
RT I(V ) =
∫ V
0
(V −ω)P (ω)dω [43, 44, 47] [it follows from
Eqs. (11),(12) and the condition: P (ω < 0) = 0 if T = 0]
and P (ω) ∼ ω2/g−1.
For V  ωR/g, the short time asymptotic is the most
important
ImP (t) = Im eJ(t) ≈ −piωR
g
t+
piω2R
2g2
t2, (24)
that with the help of Eq. (15) finally produces the second
and the third terms below:
I(V ) ≈ 1
RT
{
V − piωR
g
+
ω2R
g2V
}
. (25)
The time scales ω−1R and g/ωR defined in (21),(23) and
(24) are characteristic times relevant for charge trans-
port through the tunnel junction. However they should
not be confused with the time of tunneling through the
6tunnel barrier. We should remind that the charge trans-
port in the tunnel junction goes roughly speaking in sev-
eral stages, where the first one is very quick quantum-
mechanical tunneling through the tunnel barrier and the
second one is related to relatively slow fluctuation of elec-
tric field generated a) by an electron-hole pair: electron
in the “drain” electrode and hole in the source electrode,
and b) by excitation of active dielectric. These processes
somehow are built in the second term of Eq. (15).
Taking C0 = 0.1 fF like in [47] and 1/τ = 1 THz, we
get g ∼ 2.5 and ωR ∼ 0.04 eV = 48 K. (Today tunnel
junctions with C0 ≤ 0.01 fF can be experimentally pre-
pared that leads to g ≤ 0.25 and ωR ≈ 480 K.) A bit
tricky is find material with 1/τ = 1 THz – it is the upper
boundary to 1/τ . However even if 1/τ = 10 − 100 GHz
than effects discussed here might be observable.
In Eqs. (16),(22)-(25) we focused on ultrasmall tunnel
junctions. Small values of C0 were required above only
to ensure reasonably large ωR. Generalisation to tunnel
junctions with arbitrary large area could be made if we
consider the tunnel junction as the circuit with an array
of parallel ultrasmall tunnel junctions. This considera-
tion we leave for the forthcoming paper.
More interesting and relevant than the Drude
model (18) is the Lorentz (or “oscillator”) feature in the
dielectric function spectrum [35, 45, 46, 48]:
(ω) = ∞ +
0 − ∞
1− (ω/ω0)2 − i(ω/ω0)Γ , (26)
where ω0 is oscillator frequency (e.g., ferroelectric reso-
nance frequency) and Γ is the ratio of damping and ω0.
It intuitively clear that something interesting will hap-
pen around V ∼ ω0 in I(V ) characteristic. We also leave
this investigation for forthcoming publications.
If we deal with ferroelectric layer in the tunnel junc-
tions then 0 = (ω = 0) (the static dielectric constant)
in (18) and (26) could be related with dPFEdE . Thus 0
depends on the hysteresis branch and we will see some
electroresistance effect in I(V ).
IV. DISCUSSION AND CONCLUSIONS
We have shown, following the dynamical theory of im-
age force effect [28, 38, 39], that correct description of ki-
netics in tunnel junctions with active dielectric (or ferro-
electric) layers requires understanding hierarchy of time-
scales related to the dynamics of charge transfer and dy-
namics (relaxation) of polarization.
We have found that there is no noticeable influence
of image forces on electroresistance and magnetoelectric
effect in ferroelectric tunnel junctions contrary to inves-
tigations in Refs. [1, 2].
Udalov and Beloborodov missed that since the publica-
tion of the book ”Tunneling phenomena in solids” [7] 60
years ago, tunneling physics including image force theory
has advanced a lot [38, 39]. Most important, they missed
that electrons move so fast in condensed matter that one
tunneling electron can hardly make an atom of the insu-
lating layer shift during the single tunneling event [25].
The mentioned problems are not limited to just two
“papers” [1, 2] of Udalov and Beloborodov: in fact, most
papers of these team published last time about the so-
called “granular multifferroics” and magnetoresistance
effect are the same.
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